We investigate the in-plane oscillations of the relaxed shape graphene due to externally applied tensile edge stress along both the armchair and zigzag directions. Thermo-electromechanical effects are treated via pseudomorphic vector potentials to analyze the influence of these coupled effects on the bandstructures of bilayer graphene quantum dots (QDs). We show that the total elastic energy density is enhanced with temperature for the case of applied tensile edge stress along the zigzag direction. We report that the level crossing between ground and first excited states in the localized edge states can be achieved with the accessible values of temperature. In particular, the level crossing point extends to higher temperatures with decreasing values of externally applied tensile edge stress along the armchair direction. Such kind of level crossing is absent in the states formed at the center of the graphene sheet due to the presence of three fold symmetry.
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Miniaturization is one of the requirements to make electronic devices smaller and smaller. To fulfill this requirement, graphene based electronic devices might provide an alternative to replace the current state-of-the-art semiconductor industry. Graphene is a promising material to build electronic devices because of its unusual properties due to the Dirac-like spectrum of the charge carriers.
1,2 In addition, researchers around the world seek to make next generation electronic devices from graphene because the material possess high charge mobility and hence there is an opportunity to control electronic properties of graphene-based structures by several different techniques such as gate controlled electric fields, magnetic fields and engineering the electromechanical properties via pseudomorphic gauge fields. [3] [4] [5] [6] [7] [8] [9] [10] [11] Recently, spin echo phenomena followed by strong beating patterns due to rapid oscillations of quantum states along a graphene ribbon has been investigated for realization of quantum memory at optical states in the far-infrared region for quantum information processing.
12,13
Graphene sheets designed to make next generation electronic devices demonstrate that surfaces of graphene sheet are not perfectly flat. The surfaces exhibit intrinsic microscopic roughening, the surface normal varies by several degrees and the out-of-plane deformations reach to the nanometer scale.
4,14-17 Out-of-plane displacements without a preferred direction induce ripples in the graphene sheet 16, [18] [19] [20] [21] while in-plane displacements induced by applying suitable tensile edge stress along the armchair and zigzag directions lead to the relaxed shape graphene. 4, 14 In experiments on graphene suspended on substrate trenches, there appear much longer and taller waves (close to a micron scale) directed parallel to the applied stress. 4, 14, 22 These long wrinkles are thermally induced and can be explained by continuum elasticity. The mechanical deformation of a free standing graphene sheet can be understood by applying suitable edge stress along the armchair and zigzag directions. The tensile forces, that can be applied on the graphene sheet with a compressed elastic string, is schematically shown in Fig. 1 . In this paper, we show that intrinsic edge stresses can have a significant influence on the morphology of graphene sheets and substantially modify the bandstructures of graphene quantum dots. We present a model that couples the Navier equations, accounting for thermoelectromechanical effects, to the electronic properties of graphene quantum dots. Here we show that the amplitude of the induced waves due to applied tensile edge stress along the armchair and zigzag directions increases with temperature and provides the level crossing in the localized edge states. Such kind of level crossing is absent for the states formed at the center of the graphene sheet due to the presence of three fold symmetry induced by pseudomorphic strain tensor.
The total thermoelastic energy density associated to the strain for the two dimensional graphene sheet can be written as 10, 20, 23 
where C iklm is a tensor of rank four (the elastic modulus tensor), ε ik (or ε lm ) is the strain tensor and β ik are the stress temperature coefficients. Also, Θ(x, y) is the distribution of temperature in the graphene sheet that can be found by solving Laplace's equation ∂ i q i = 0, where q i = −α ii ∂ xi Θ with α ii being the heat induction coefficients of graphene. We suppose that the graphene sheet at the boundary 4 (see Fig. 1 ) is connected to the heat bath of temperature T (x) and all other three boundaries 1,2,3 are fixed at zero temperature. Thus, the exact solution of Laplace's equation can be written as
where the constant B m relates to the temperature of the thermal bath T (x) as:
Here k e = α 22 /α 11 , m is an integer, L is the length and w is the width of the graphene sheet. The arbitrary constant B m can be found by performing Fourier's transform of (3):
(4) In (1), the strain tensor components can be written
, where u i and h are in-plane and out-of-plane displacements, respectively. 20, 24 The out-of-plane displacements usually induce ripples which are much smaller in size than wrinkles in graphene sheets.
11 Through out the paper, we impose wrinkles by applying tensile edge stress along the armchair and zigzag directions, while assuming the h = 0. 4, 11, 22 In the continuum limit, elastic deformations of graphene sheets are described by the Navier equations ∂ j σ ik = 0. Hence, the coupled Navier-type equations of thermoelasticity for graphene can be written as (6) where
We apply tensile edge stress along the armchair direction to induce oscillation in the strain tensor of the graphene sheet (see Fig. 1 ). The displacement vector can then be written as 11, 22 u(x, 0) = A sin (kx) ,
where A is the amplitude and k = 2π/λ with λ being the wavelength while the total edge energy per unit length becomes 4,16
where τ e and E e denote the edge stress and the elastic modulus of the edge along the armchair direction of the graphene sheet. Thus, we write the total edge energy
U e dx and find the optimum amplitude of the waves along the armchair direction by utilizing the condition ∂U t /∂A = 0 to be:
By considering L = 1.5 µm, τ e = 0.5 eV/nm, E e = 1000 eV/nm and λ = 0.1 to 1.5 µm, the amplitude (A) of In a similar way, the optimum amplitude (A z ) of the waves along the zigzag direction can be found as:
where τ ez and E ez are the tensile edge stress and the elastic modulus of the edge along the zigzag direction. Now we turn to the analysis of the influence of strain on the electronic properties of graphene QDs formed in the graphene sheet with the application of parabolic gate potential. In the continuum limit, by expanding the momentum close to the K point in the Brillouin zone, the Hamiltonian reads
Here H k is written as 3, 6, 25 
where P ± = P x ± iP y and P = p −hA with p = −ih∂ x being the canonical momentum operator and A = β (ε xx − ε yy , ε xy ) /a is the vector potential induced by pseudomorphic strain tensor. 24, 26 Also, a is the lattice constant and β = −∂ ln t/∂ ln a ≈ 2 with t being the nearest neighbor hoping parameters. We assume a confining potential U (x, y) = U x + U y that decays exponentially away from the edges into the bulk with a penetration depths λ or λ z . Here we write U (x) and U (y) as:
U (15) where λ 1 = L/2, λ 2 = w/2 and ξ 1 is a dimensionless constant. We can vary ξ 1 to vary the band gap of graphene induced by gate potential. The schematic diagram of the two-dimensional graphene sheet in computational domain is shown in Fig. 1 . We have applied the tensile edge stress along both the armchair and zigzag directions to create oscillations in strain tensor of the graphene sheet. We have used the multiscale multiphysics simulation and solved the Navier's equations (7) and (8) via Finite Element Method to investigate the influence of thermo-electromechanical effects on the relaxed shape of graphene. For the waves along the armchair direction, we have used the Neumann boundary conditions at sides 1, 3 and employed Eq. (9) at sides 2,4 and vice versa for the zigzag direction. All reported results (Figs. 2-4) have been obtained for a 1.5 × 0.5 µm 2 graphene sheet that mimics the geometry of experimentally studied structures in Refs. 11. For bandstructure calculations (Figs. 5-7) , we have chosen a 400 × 400 nm 2 graphene sheet. Fig. 2 shows the relaxed shape of graphene under applied tensile stress along the armchair direction. This relaxed shape of graphene due to applied tensile edge stress mimics the theoretically and experimentally reported results in Refs. 4 and 11. In Fig. 3 , we investigate the influence of temperature on the strain tensor under an applied tensile edge stress along the armchair direction. Again, the oscillations in the strain tensor can be seen due to the fact that the applied tensile stress along the armchair direction induces out-of-plane relaxation of the graphene sheet (see also Ref. 4) . We note that the increasing temperature from 0 K (upper panel) to room temperature (lower panel) enhances the amplitude of the waves which is in agreement with the experimentally observed results in Ref. 11. In Fig. 4 , we investigate the total elastic energy density vs temperature. Even though the optimum value of the amplitudes of waves along the armchair and zigzag directions are exactly the same (A = A z = 2.9 nm, see Eqs. (11) and (12)), the variation in the total free elastic energy density is enhanced for the case of applied tensile edge stress along the zigzag direction (dashed-dotted line). This occurs because the graphene sheet along the boundary 4 is connected to the heat reservoir that enhances the free elastic energy of the waves traveling along the zigzag direction.
Another important result of the paper is the study of the influence of thermomechanics on the bandstructure of bilayer graphene QDs via pseudomorphic vector potentials. In Fig. 5 , we have plotted several states wavefunctions of the graphene QDs. It can be seen that in addition to the localized states formed at the center of the graphene sheet, edge states are also present at the zigzag boundary. Such edge states are highly sensitive to the applied tensile edge stress along the armchair and zigzag directions. We observe three fold symmetry in the first excited state wavefunction (see inset plot of Fig. 5 ) of graphene that is in agreement to the experimentally reported results (see Fig.(4) of Ref. 27) . In Fig. 6 , we find the level crossing at T = 400K due to the fact that the edge energy difference between the ground and first excited states decreases with increasing temperature. This level crossing point extends to higher temperatures with decreasing values of tensile edge stress (see Fig. 7 ). We have analyzed why the level crossing point can be seen on the edge states, but cannot be seen on the localized states formed at the center of the graphene sheet. The reason is that the graphene sheet on boundary 4 is connected to the heat reservoir. Hence, the energy difference between the ground and first excited states decreases with increasing temperature. As a result, we find the level crossing in the edge states to be at the zigzag boundary with the accessible values of temperatures. The energy difference between the ground and first excited states formed at the center of the graphene sheet also decreases with increasing temperature (see Fig. 6 ). However, such energy states do not meet each other with any practically applicable values of the temperature due to absent of two fold symmetry in graphene. In fact, the induced pseudomorphic fields by the strain tensor affect the graphene charge carriers and produce a three fold symmetry in the wavefunction of 2-dimensional graphene sheet (see inset plot of 5). The symmetry of the pseudomorphic fields is determined by the corresponding symmetry of the strain field. For example, a uniform pseudomorphic field requires a special strain field distorted with three fold symmetry.
17,27
To conclude, we have developed a model which allows us to investigate the influence of temperature on the relaxed shape of the graphene sheet as well as in the QDs that are formed in the two-dimensional graphene sheet with the application of gate potentials. We have shown that the variation in the total free elastic energy density is enhanced with temperature for the case of applied tensile edge stress along the zigzag direction. We have treated the strain induced by applied tensile edge stress along the armchair and zigzag directions as a pseudomorphic vector potential and shown that the level crossing point between the ground and first excited edge states at the zigzag boundary extends to higher temperatures with decreasing values of the tensile edge stress. Such kind of level crossing is absent in the states formed at the center of the graphene sheet due to the presence of three fold symmetry.
